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Potentially Useful Equations 
 

E=h c= =h/p   h /2    
 

ˆ x  x   

ˆ p x 



i

d

dx
  



ˆ l z 

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
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
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
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  ˆ H  ˆ E K  ˆ V  

   

ˆ H   E  


2

2m

d2(x)

dx 2 V (x)(x)  E(x)    
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
2

2m
2 V  E   2 

 2

x 2

2

y 2

 2

z2

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r2


2

r


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
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2 
1

sin2
 2

 2 
1

sin



sin 


 2Yl,ml
(,)  l(l 1)Yl,ml

(,)  

ˆ l zYl,ml

(,)  mlYl,ml
(,)   

  
 

A  *(x) ˆ A (x)dx
all x

  A  * ˆ A d
all space

  d  dx dy dz  r2 sindrdd  

  

Particle in a 1-D Box: n (x) 
2

L
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




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1
2
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  En 
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8mL2  

 

Particle in a 2-D Box: n1 ,n2
(x,y) 

2
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





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
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Free particle:  }exp{)( ikxx   
m

k
Ek 2

22
  

 

Particle in a barrier:  }exp{)( xx    2/1)](2[ EVm   

Harmonic oscillator:  V (x)  1
2 kx 2  k 

d2V (x)

dx 2
 m 2 Ev  (v  1

2) v  0,1,2, 

   

v (x)  Nv Hv (y)ey 2 2 y 

x


 

2

mk
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






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Particle on a ring: 



ml
()  1

2 1/ 2
eiml ml  0,1,2,  


Eml


ml

22

2I
 

 
Particle on a sphere: l ,ml

(,) Yl,ml
(,) l  0,1,2, ml  l,l 1,,l  


El  l(l 1)

2

2I
L  l(l 1)   

Transition dipole integral: 
fi
 f

* ˆ i d   e ri

i

  e ZI

I

 RI    

Moment of inertia: I  mi(
i

 ri
 )2 (diatomic molecule :  I  Re

2 ,   m1m2

m1 m2

)  
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Spherical Rotor:  

EJ  hcBJ(J 1) hcB 

2

2I
 

Symmetric Rotor: EJK  hc[BJ(J 1)  (A  B)K 2] hcA 
2

2Ia

hcB 
2

2Ib

 

Linear Rotor: 

EJ  hcBJ(J 1) hcB 

2

2I
 

 
Anharmonic Energy Levels:  Ev  hc ˜ (v  1

2)  hc ˜ xe (v  1
2)2  

Morse Potential: 

V (x)  hcDe (1 eax )2 a 

 2

2hcDe











1/ 2

xe 
a2

2


˜ 
4De

 

  
hc ˜ P (J)  hc ˜  2hcBJ hc ˜ Q (J)  hc ˜  hc ˜ R (J)  hc ˜  2hcB(J 1) 

 
Some Selection Rules (without any indication of when they are applicable): 
 
J  0,1 MJ  0,1 v  1 S  0   0,1 
 
Hydrogenic atom: n ,l,ml

(r,,)  Rn,l (r)Yl,ml
(,) n 1,2, l 1,2,,n 1 Pn,l (r) r2Rn,l

2 (r)  

 

 

En  

2
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2
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
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40
2

mee
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
W 

N!

n0!n1!n2!
 N  ni

i

 E  ni

i

 i pi 
ni

N


e i

q
q  e i

i

  g j e
 j

j

  
1

kT
 

 

E U U(0)  
N

q

q












V

 N
 lnq












V

S  k lnW 
U U(0)

T
 kN lnq  

 

Canonical Ensemble: E  
1

Q

Q












V

 
 lnQ












V

S 
U U(0)

T
 k lnQ  

 

 H  H(0)  
 lnQ












V

 kTV
 lnQ

V









T

 

 

 A  A(0)  kT lnQ G G(0)  kT lnQ kTV
 lnQ

V









T

 

 
Identical, distinguishable particles: Q  qN  
  

Identical, indistinguishable particles: Q 
qN

N!
 

q  qTqRqV qE  qT 
V

3


2m

h2










3 / 2

V  
h2
2m











1/ 2
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Linear rotor: qR  (2J 1)ehcBJ (J 1)

J

 ~
1


1

hcB


1


kT

hcB
R 

hcB

k
 

 

Non-linear rotor: qR ~
1


kT

hc









3 / 2 
ABC









1/ 2

 

 

Harmonic oscillator: qV 
1

(1 ehc ˜ )


1

(1 ehc ˜  / kT )
V 

hc ˜ 
k

 

 


K 

(qC ,m
 /NA )c (qD,m

 /NA )d

(qA ,m
 /NA )a (qB ,m

 /NA )b e r E0 / RT  

 
z CvrelN B  ZAB (vrel ) CvrelN AN B ZAB (T) C vrel N AN B C vrel NA

2[A][B] 
 

f (vrel )dvrel  4 
2kT









3 / 2

vrel
2 evrel

2 2kTdvrel  vrel  
8kT












1/ 2

 

 
Rate  k2[A][B] k2(vrel ) RvrelNA  
 

k2(T)  NA R (vrel )vrel f (
0



 vrel ) dvrel  NA

8kT












1/ 2

 0 e th / kT , R 
0,   th

 0 1th  ,  th

 

 

Rate 
kd ka

ka  kd

[A][B] kd  4R*DNA ~
8

3

kNAT


 

 
Integrals and Other Relations 

 

xndx 
xn1

n 1
 constant  

1

x
dx  ln x  constant  

 
 

xneaxdx
0



 
n!

an1   x 2eax 2

dx
0



 
1

4a


a

 axax e
a

dxe
1

  

 
 

sin2 ax dx 
x

2


1

4a
sin2ax  constant  

 
 

sinax sinbx dx 
sin(a  b)x

2(a  b)


sin(a b)x

2(a b)
 constant if a2  b2 

 
eix  cos x  isin x  
 



f (x)  f (0) df

dx









0

x 1

2

d 2 f

dx 2











0

x 2  1

n!

d n f

dx n











0

xn  


