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A. Binomial series, useful for the most probable distribution.  
 

(1± p)n  =  1 ±  np +  
n(n -1)p2

2!
 ±  

n(n -1)(n- 2)p3

3!
 +  

n(n -1)(n-2)(1- 3)p4

4!
  ±  . . . ,    (p2 <  1)  

  
(1± p)−n  =  1 m  np +  

n(n +1)p2

2!
 m  

n(n +1)(n +2)p3

3!
 +  

n(n + 1)(n+ 2)(1+ 3)p4

4!
  ±  . . . ,    (p2 <  1) 

(1 – p)-1 = 1     +      p      +        p2      +         p3      +         p4       +           p5       +     . . .     
 
(1 – p)-2 = 1     +     2p     +      3p2     +        4p3      +        5p4      +          6p5      +     . . .     
 
(1 – p)-3 = 1     +     3p     +      6p2     +      10p3      +      15p4      +        21p5      +     . . .     
 
(1 – p)-4 = 1     +     4p     +     10p2    +      20p3      +      35p4      +        56p5      +     . . .     
 
(1 – p)-5 = 1     +     5p     +     15p2    +      35p3      +      70p4      +      126p5      +     . . .     
 
 

x2 px−1

x =1

∞
∑  =  1 +  4p +  9p2  +  25p3  +  . . . ,     (p2  <  1)

                =  1 +  p
(1 -  p)3

 

 

x3px −1

x =1

∞
∑  =  1 +  8p +  27p2 +  64p3 +  . . . ,     (p2  <  1)

                =  
1 +  4p + p2

(1 -  p)4
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B. Random variable, the distribution function of the random variable, 
moments and moments generating function. 

 random variable : N 

 sample space of random variable: 1 ≤ Ν ≤ ∞  

 distribution function of N: FN  

 kth moment of FN : m k  ≡  Nk

N =1

∞
∑ ⋅FN  

 moments generating function: g(N,s) ≡  sN ⋅ FN
N=1

∞
∑  such that m k  =  s ⋅

d
ds

 
 

 
 

(k )

g(N,  s)
 

  
 

  
s =1

 

 If FN  = pN-1· (1-p),   g(N,  s) =  sN ⋅
N =1

∞
∑ FN  =  sN ⋅(1− p) ⋅pN −1 =  

s (1- p)
(1 -  ps)N =1

∞
∑  

 k s
d
ds

 
 

 
 

(k)

⋅g(N,s)  mk 

 0 
s(1− p)
(1− ps)

 1 

 1 
s(1− p)
(1− ps) 2  (1-p)-1 

 2 
s(1− p)
(1− ps)3 ⋅ (1+ ps) 

1 + p
(1− p)2  

 
 .  
 . 
 . 

 k 
s(1− p)

(1− ps) k +1 ⋅ A x ⋅(ps)x−1

x=1

k
∑

 
  

 
   

1+ A 2p +  A3p2  +  . . . + A k pk-1 
(1− p) k

≈
k!

(1− p)k = k!m1
k

 


